Mohd Ayub A. F. et al. (Eds.) (2011). Workshop Proceedings of the 19th International Conference on Computers in Education. ChiangMai, Thailand:

Asia-Pacific Society for Computers in Education.

Experimental Study on Failures in Composing
Solution Structures in Mathematical Problem
Problems

Kazuaki Kojima®’, Kazuhisa Miwa® & Tatsunori Matsui®
“Faculty of Human Sciences, Waseda University, Japan
®Graduate School of Information Science, Nagoya University
*koj@aoni.waseda.jp

Abstract: Problem posing is identified as an important activity in mathematics education
and a critical skill to be acquired. Several studies implemented support systems for learning
of problem posing which aid novice learners in successfully posing appropriate problems.
However, such learners may not necessarily success in posing appropriate problems without
the support. Toward further support for novice learners in acquiring problem posing as a
mathematical skill, we have to understand failures occurring in problem posing by novice
learners. This study experimentally investigated problem posing by novices and empirically
described their failures. In our investigation, participants were engaged in a learning task to
study an example by reproducing it and a novel generation task to pose their own problems,
with the results indicating that some participants composed problems whose texts and
solutions were inconsistent in the learning task.
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Introduction

Problem posing is identified as an important activity in mathematics education, as well as
problem solving is [12, 13]. Although problem posing is rarely adopted in general education
due to certain constraints in practical classrooms, it is as critical a skill as problem solving.
One of the reasons why problem posing is unadopted may be that problem posing is
extremely difficult for novice learners. Because problem posing is a production task that
requires idea generation and synthesis of structures, it imposes heavy cognitive load on
learners.

Several studies have addressed support for problem posing by learners. For example, some
e-learning systems adopt problem posing as a learning task and aid it through the
peer-assessment of learner problems [1, 4, 14, 16]. Hirashima and his colleagues
implemented several systems that can evaluate problems posed by learners [3, 15]. Their
environments offer computer-supported learning exercises to generate problems solved by
specified solutions and to alter instance problems into new ones. These studies have also
reported that learning with the systems improved learner understanding of domain
knowledge or solution methods embedded in problems. Our previous studies proposed a
support system that facilitates diverse problem posing through learning from examples [5,
6], and experimentally confirmed that our system could improve problem posing by learners
to some extent.

Although problem posing is difficult, learners can successfully pose problems with support
by the systems mentioned above. However, they may not necessarily success in posing
appropriate problems without the support. Toward further support for novice learners in
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acquiring problem posing as a mathematical skill, we have to understand failures occurring
in problem posing by novice learners. Leung and Silver [10] studied problem posing by
prospective elementary school teachers and empirically obtained a certain number of
non-mathematical or unsolvable problems, even though, their focus was not on analysis of
such inappropriate problems.

This study experimentally investigated problem posing by novices and empirically
described their failures. In the investigation, we used a learning task of problem posing
proposed in the previous study [6].

1. Experimental Method

In our investigation, participants were engaged in two problem posing tasks. One of them
was a learning task to reproduce a problem given as an example, and the other was a task to
generate novel problems.

1.1 Tasks

In each of the experimental tasks, participants were required to generate one or more
problems in the domain of a problem initially given as a base. In the first learning task, they
were provided with a base and an example problem as a good response in the task, which
was generated by altering the base. They were then asked to reproduce the example. When
reproducing, the example itself was hidden and information indicating how to generate the
example from the base was shown. The generation process information of the example was
automatically generated by our support system implemented in the previous studies, which
included sufficient information to reproduce the example. This activity in the task had been
designed to provide novice learners with ideas feasible in composing novel problems
through imitation of varied examples. We empirically confirmed that learners could
successfully transfer what they learned from an example through imitation with the system
into novel problem posing by the learners. Figure 1 indicates the basic framework of the
learning task (For more detail on the support system, see [6, 9]).

System (Instructor)
Base _|> Example
1
R i following
L ) _l?zis_e_ i _i =.{> Example
1
| transfer
Learner Problem =V{> Novel
probelms

Figure 1. Basic framework of learning task

The learning task was followed by the novel generation task where the participants were
asked to pose problems as many, varied and unique as possible from another base problem.
In this task, participants’ problems were evaluated based on four categories shown in Figure
2. These categories indicate similarities in situations and solutions between their problems
and the base. Situations of problems denote surface features of contextual settings in
problem texts (e.g., purchase of goods or transfer by vehicle), and solutions mathematical
structures of the problems. Therefore, Category I/ I indicates problems almost the same as
the base, D / I indicates those generated by altering a situation of the base, I / D indicates



Mohd Ayub A. F. et al. (Eds.) (2011). Workshop Proceedings of the 19th International Conference on Computers in Education. ChiangMai, Thailand:

Asia-Pacific Society for Computers in Education.

those generated by altering a solution, and D / D indicates those generated by combining
both alterations. It is desirable for mathematical learners to pose diverse problems across
these categories controlling features of situations and solutions. However, previous studies
revealed that leaner problems tend to lack diversity [2, 11] and have simple or inappropriate
structures in their solutions [§].

Situations
Identical  Different

Base

Identical 1/1

Solutions
Different | D/I

Figure 2. Categories for evaluating the variety of problems
1.2 Procedures

Undergraduates were participated in the investigation conducted in a lecture class of
cognitive science. They were fist engaged in the learning task without the support system.
The participants were told that the aim of the task was to learn what is problems posing and
how it is done through an example before their own problem posing task. Prior to start of the
learning task, the following problem was presented as a base.

Base) I bought some 60-yen oranges and 120-yen apples for 1020 yen. The total number of oranges and
apples was 12. How many oranges and apples did I buy?
Solution.
Let x denote the number of oranges and y denote the number of apples.
xty=12
60x+120y=1020
According to the equations above, x=7, y=5.

The base was printed in sheets of paper provided the participants. The participants were also
presented the following problem as an example on a big screen of the classroom.

Example) Last year 1 bought some 40-yen pencils and 110-yen pens. The total number was 13. This
year I bought 2 times as many pencils as last year, the same number of pens as last year, and a 300-yen
pen case for 1430 yen. How many pencils and pens did I buy last year?
Solution.
Let x denote the number of pencils and y denote the number of pens.

x+ty=13

40*2x+110y=1430-300
According to the equations above, x=10, y=3.

The example has the setting of purchase of goods identical to the base, and a solution
formed by adding a third object other than x and y objects and an operation to calculate a
coefficient of x in the lower equation to the base. Thus, it belongs to Category I/ D in Figure
2.

When starting the task, the example was removed from the screen. The participants were
asked to reproduce the example based on generation process information printed in the
sheets. The generation process information contained the situation, numeric parameters
appearing in the text, a basic structure of the solution, mathematical operations added in the
solution, and keywords in the text of the example. It explicitly indicated that the situation of
the example was identical to the base and the solution was altered. The participants were
also instructed that they didn’t have to completely literally reproduce words in the text of the
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example as long as the contextual setting and equations in the solution were appropriately
reproduced.

The participants were then engaged in the novel generation task. In this task, the following
problem solved with a unitary equation was presented as a base.

Base) I want to buy some boxes of cookies. If I buy some 110-yen boxes of cookies, then I have 50 yen
left. If I buy some 120-yen boxes of chocolate cookies, then I need 20 yen more. How many boxes do |
want?
Solution.
Let x denote the number of boxes.

110x + 50 =120x - 20
According to the above equation, x = 7

They were told that their problems had to be necessarily solved with unitary equations and
any problems in other domains were unacceptable.

1.3 Data Analysis

Participants were classified into groups based on problems they reproduced in the learning
task. The groups were as follows.

Reproduced Appropriately (R-A): succeeded in composing a problem whose
contextual setting and solution were identical to the example

Reproduced Sufficiently (R-S): almost succeeded in composing a problem identical to
the example but partially changed its contextual setting (actually, 2 fimes in the
problem was not used as the number of pencils, but as the price of a pencil)

Reproduced but Modified (R-M): succeeded in composing the same solution structure
but partially changed its surface parameters (numerals and their objects)

Altered solutions (A): composed a problem whose solution was different from the
example

Lacked parameters (L): didn’t succeed due to absence of numeric parameters, such as
300 (the price of a pencil box) or 13 (the total number).

Inconsistently composed (I): didn’t succeed due to inconsistency between a text and a
solution of a problem composed, although the solution was identical to the example

Problems newly composed by the participants in the novel generation task were categorized
into the four categories in Figure 2. We also analyzed problems posed by altering solutions,
from the aspect of structural complexity. However, this paper doesn’t present more detail on
the results in the novel generation task due to limitations of space. They will be reported
precisely in another paper.

2. Results

One hundred and thirty-two undergraduates participated in the investigation. In the results
below, eight undergraduates who didn’t complete the learning task were excluded.

2.1 Problems Reproduced in Learning Task
Figure 3 indicates the proportions of participants in each group in the learning task.

Although half of the problems were appropriately or sufficiently composed, the others were
different from the example in some ways.
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Figure 3. Proportions of reproduced problems in each group

2.2 Problems Posed in Novel Generation Task

In the following results, problems in domains different from the base and unsolvable
problems were excluded. Figure 4 indicates the proportions of posed problems in each
category in the novel generation task. “C” in the figure, denoting a control group, is the
result of undergraduates who were engaged in the same novel generation task in the
previous study [8] without learning of any example. This revealed that few problems in I/ D
were posed without supportive intervention. Although no significant differences between
most of the groups and the control group were found due to the small numbers of
participants, there was a significant difference between the R-A and control groups
()(2(3)215.29, p<.01). Residual analysis revealed that the number of I / I problems was high
in the control group and low in the R-A group (p<.05), and that of I / D was high in the R-A

group and low in the control group (p<.01). Thus, appropriate reproduction of the example
increased posed problems in 1/ D.
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Figure 4. Proportions of posed problems in each category

Figure 5 indicates the proportions of problems posed by altering solutions whose operations
in the solutions increased or decreased from the base. In the control group, half of the
solution-altered problems were simpler than the base. The I group also posed many simple
problems, whereas the R-A group posed many complex problems. There was also a
significant differences between the R-A and control groups (¥*(2)=11.36, p<.01), and no
difference between each of the other groups and the control group. Residual analysis
revealed that the number of increase was high in the R-A group and low in the control group
(p<.05), and that of decrease was high in the control group and low in the R-A group

(p<.01). Thus, the appropriate reproduction also increased posed problems more complex
than the base.
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Figure 5. Proportions of solution-altered problems whose operations increased or decreased

3. Discussion
3.1 Failures in Reproduction

Despite sufficient information to reproduce the example was provided in the learning task,
not more than half of the participants exactly reproduced it. The R-S and R-M groups didn’t
exactly do, though, their problems had solution structures identical to the example. Thus, it
can be regarded that the two groups almost succeeded in the reproduction.

The A group didn’t reproduce the example but composed problems different from the
example. Therefore, the participants in the groups must have merely misunderstood the
instruction in the learning task.

The participants in the I groups failed in reproducing the example. Although they described
the same solution as the example, their problem texts were inconsistent with the solution. In
the texts, some mathematical relationships were incorrectly described or inappropriate
relationships were included' so that the solution was never formulated from the texts.
Therefore, the participants didn’t understand the inconsistency. Of course, none of the
participants must fail in solving the example, which is a quite simple problem for
undergraduates. We preliminary confirmed that undergraduates can successfully solve it
[7].

The L group also failed in the reproduction. However, all of their problems could be
completed by adding a description such as “the total number of the pencils and pens was
13”. Thus, the participants must have carelessly forgotten to include some numerals into
their problem texts.

As described in Section 1.1, the reproducing task adopted in this investigation is used in our
support system [6]. No participants failed in the same reproduction task in an experimental
evaluation of the system [9], although a few participants composed problems different from
the example like the A group did. According to the facts, novice learners who successfully
poses problem with supporting intervention can fail in appropriate problem posing without
the intervention. Another important insight is that novice learners occasionally pose
problems whose texts and solutions are inconsistent. To improve problem posing of novice
learners, hence, further support is needed to endow the learners with a skill to appropriately
compose problems.

! Some examples of problems in the learning task are presented in Appendix.

375



Mohd Ayub A. F. et al. (Eds.) (2011). Workshop Proceedings of the 19th International Conference on Computers in Education. ChiangMai, Thailand:

Asia-Pacific Society for Computers in Education.

3.2 Novel Problem Posing after Learning

As described in Section 2.2, learning through appropriate reproduction of the example
increased posed problems in I/ D. It also increased problems whose solutions were more
complex than the base, because the example allowed the participants to learn how to add
operations. These results in the current study are consistent with experimental evaluation of
the support system in the previous study [9]. On the other hand, sufficient learning effect
wasn’t gained through inappropriate reproduction.

According to the results in Figures 4 and 5, half of problems posed by the I group were in |
/ D or D /D, which fact indicates that many of the problems had solutions different from the
base. The I group varied solutions in their problem posing to some extent. However, such
problems in the I group were mostly simpler than the base which was quite simple and
elementary. Therefore, the participants in this group didn’t thoroughly learn the example,
although they were examined it.

4. Conclusions

This study experimentally investigated problem posing by novices and empirically
described their failures. In our investigation, participants were engaged in a learning task to
reproduce an example and a novel generation task to pose their own problems, with the
results indicating that some participants composed problems whose texts and solutions were
inconsistent, in other words, they failed in reproduction. Our next task is, of course, to study
and design a supporting method to prevent such failure in the learning activity.
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Appendix: Examples of problems in Learning Task

A group
I bought some 100-yen apples and 30-yen bananas. The total number was 13. I gave a 1000-yen bill and
received 190 yen as the change. How many apples and bananas did I buy?
Solution.
Let x denote the number of apples and y denote the number of bananas.
xty=13
100x+30y=1000-190
According to the equations above, x=6, y=7.

I group
Last year I bought some 40-yen pencils and 110-yen pens. The total number was 13. This year I also bought 13
pencils and pens. The number of pencils this year was 2 times as many as last year. In addition to pencils and
pens, I bought a 300-yen pencil box. The payment was 1430 yen. How many pencils and pens did she buy?
Solution.
Let x denote the number of pencils and y denote the number of pens.

x+ty=13

40*2x+110y=1430-300
According to the equations above, x=10, y=3.
(The total number this year is wrong)

A girl bought pencils and pens. The total number was 13. The number of pencils was 2 times as many as pens.
A pencil was 40 yen and a pen was 110 yen. She found a 300-yen lovely pencil box near the cash desk, and
took it with pencils and pens. The payment was 1430 yen. How many pencils and pens did she buy?
Solution.
Let x denote the number of pencils and y denote the number of pens.

xty=13

40*2x+110y=1430-300
According to the equations above, x=10, y=3.
(Parameters associated with the relationship “2 times” are wrong)
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