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Abstract: The human representation of number magnitude is often described by the metaphor
of a mental number line. Recent studies repeatedly found the accuracy of children’s mental
number line representation to be associated with more general arithmetic and mathematic
achievement. Therefore, specific number line trainings have been developed. A growing
number of intervention studies indicates significantly positive training effect with
improvements generalizing from number line accuracy to other numerical (e.g., magnitude
comparison) and arithmetical tasks (e.g., mental addition). This holds for both paper-pencil as
well as first computer-supported number line trainings. However, with computer technology
progressing rapidly it provides increasingly sophisticated possibilities for training the mental
number line. In this article we specifically elaborate on the issues of interactive learning
environments as well as embodied interactions. With respect to interactivity we discuss its
necessity for the adaptivity of the learning environment required to guarantee balanced
success rates in multi-learner trainings. As regards embodied interaction we elaborate on new
possibilities to develop trainings allowing for bodily experiences of numerical concepts such
as the mental number line offered by new digital media. We conclude that the latest
development in computer technology opens up new directions for the successful training of
numerical competencies that should be pursued as they may be particularly beneficial for
those with special needs in numerical / mathematical learning.
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1. The mental number line

The spatial representation of numbers, often described by the metaphor of a mental number line
(MNL), is one of the basic numerical representations (Dehaene, Piazza, Pine, & Cohen, 2003; Booth
& Siegler, 2006). Upon this MNL numbers are represented spatially in ascending order corresponding
to their magnitude. Importantly, there is evidence on such a spatial representation of number
magnitude from infancy on to adulthood (e.g., de Hevia & Spelke, 2009). Moreover, the MNL relates
number magnitude and space with a specific spatial directionality. In languages with left-to-right
reading and writing smaller magnitudes are associated systematically with the left side and larger
magnitudes with the right side of space. Fischer, Warlop, Hill, and Fias, (2004) observed that fixating
a digit induces spatial shifts of attention while the spatial direction of head movements predicts
number magnitudes produced in random number generation tasks (e.g., Loetscher, Schwarz,
Schubiger, & Brugger, 2008). Thus, the association of numbers and space seems automatic,
bidirectional and present from early age on.

Importantly, the MNL representation was observed to be associated positively with children's
numerical and arithmetical competencies (e.g., Booth & Siegler, 2006). In children, the MNL
representation is usually assessed by the number line estimation task in which participants are asked
to estimate the location of a given target number (e.g., 17) on a presented number line (ranging for
example from 0 to 100, e.g., Siegler & Opfer, 2003). While the spatial-numerical demands of these
tasks are undisputed, the processes underlying the task are more controversial (e.g., Moeller, Pixner,
Kaufmann, and Nuerk., 2009). Thus, when training number line estimation it is not only the spatial
nature of number magnitude representation which is practiced but also other representations recruited
to map numbers onto space. Yet, for the development and implementation of successful MNL
trainings the continuous spatial character of the MNL seems particularly promising.
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2. Training the mental number line
2.1 First approaches

In recent years several number line interventions were proposed. On a quite basic level Opfer and
Siegler (2007) gave second graders feedback on their number line estimations and found these to
improve performance ,,strikingly abrupt, often occurring after a single feedback trial, and
impressively broad, affecting estimates over the entire range of numbers from 0 t01000.“ (p. 169).
Similarly, Ramani and Siegler (2008) used linear board games, in which children had to move a
playing piece along a linear and equidistant number line. The authors observed positive transfer
effects of such linear board games on children’s performance in magnitude comparison, counting, and
numeral identification, which were not observed for an identical game with colors or circular (instead
of linear) number board games (Siegler & Ramani, 2009). Furthermore, Ramani and Siegler (2011)
found the specific benefits of those linear board games to be present in low-income children in
particular. Additionally, Ramani, Siegler and Hitti (2012) also observed these beneficial effects in the
classroom setting.

In summary, there is accumulating evidence suggesting that spatial-numerical games can be
applied successfully to foster numerical and arithmetic competencies in children. So it is not
surprising that components training spatial-numerical associations have also been employed in other
multi-componential intervention or prevention programs such as Rightstart (e.g., Griffin, Case, &
Siegler, 1994) or Big Math for Little Kids (Greene, Ginsburg, & Baalfanz, 2004). However, their
specific effects were usually not evaluated. Finally, it is important to note that all of these
interventions were paper-pencil based. Yet, computer-supported methods may add considerably to
increase both the motivational appeal but also training efficiency by (i) implementing numerical
trainings in general, (ii) ensuring adaptivity, accessibility and interactivity (i.e., collaborative and
competitive gaming), and (iii) allowing to experience numerical concepts in an embodied fashion.

2.2 Computer technology to train numerical competencies

Over the last decades the use of computer technology to support mathematical learning has become
increasingly popular. Already back in 2000 the National Council of Teachers of Mathematics of the
USA claimed that “technology is essential in teaching and learning mathematics; it influences the
mathematics that is taught and enhances students’ learning” (p.11). Recently, Li and Ma (2010)
evaluated the actual benefits of computer technology in mathematics education. They not only
observed significant positive effects of computer technology on mathematics achievement but also
found that effects of computer technology were relatively more pronounced in elementary school and
for children with special needs in mathematics learning. This is of particular interest as it suggests that
computer technology may be specifically suited to support the acquisition of basic numerical
competencies which are most often impaired in children with mathematics learning disabilities (e.g.,
Dowker, 200). Against this background the MNL is a reasonable candidate to be trained in computer-
supported environments.

2.3 Computer-supported MNL training

There have been several approaches to train the MNL representation using computer technology in
recent years. In the following, we will first give a brief overview of the range of computer-supported
MNL trainings from wvery circumscribed number line trainings to multi-componential training
programs. After this we will then discuss two specific aspects of the use of computer technology
important with respect to future applications: Interactivity and adaptivity of training environments and
the possibility of task-specific embodied experience of the concepts trained.

2.3.1 Computer-supported number line trainings

Current developments in educational technology strive to use methods of computer-based instruction
or — as more advanced methods - of “serious games”, “game-based learning” or “digital educational
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games” (Amory, Naicker, Vincent, & Adams, 2008). Besides general motivational effects, these
methods are also able to support learning more specifically by measuring learner performance,
providing different levels of task difficulty, and giving fast and individualized feedback in rich
multimedial environments. So, it is not mainly the use of media itself which supports learning, but
their ability to induce or support specific cognitive processes (Kozma, 1991; Clark, 1994).

There are currently a variety of different computer-supported number line trainings and we do
not pretend to present an exhaustive list. Nevertheless, most of the existing number line trainings are
part of multi-componential numerical trainings for the prevention or remediation of mathematics
learning difficulties. Some of these programs are freely available on the internet (e.g., The Number
Race: http://www.thenumberrace.com or Calcularis: http://www.calcularis.ch/int) whereas others are
commercially oriented (e.g., Number games with Elfe and Mathis:
http://www.psychometrica.de/rechenspielel.html;  Number Worlds and Building  Blocks:
http://www.sranumberworlds.com/; http://gse.buffalo.edu/org/buildingblocks/ which overlap partly).
Importantly, all of these programs address basic numerical competencies and are targeted at rather
young children from pre-kindergarten through elementary school (see Clements & Sarama, 2011 for a
review). However, the reference to as well as the specificity with which the MNL is trained varies
considerably between programs. Calcularis, Number Worlds, and Elfe and Mathis use number lines in
a quite explicit way with some kind of number line estimation as one component of the intervention.
In Calcularis, for instance, a falling cone has to be landed as closely as possible to the target number
on a given number line. In contrast, the primary focus in The Number Race is on magnitude
comparisons: Whenever one wins against a computer player one is allowed to move a playing piece
an according number of steps. Thereby, a number line is referenced to in a similar way as in the board
games used by Siegler and collegues (e.g., Siegler & Ramani, 2009).

Some of the multi-componential intervention programs are evaluated scientifically indicating
their positive effects on children's numerical development in general and their initial arithmetic
achievment in particular (Number Worlds: e.g., Griffin, 2004; Building Blocks: e.g., Clements &
Sarama, 2007; Number games with Elfe and Mathis: Lenhard, Lenhard, Schug, & Kowalski, 2011) -
while others still await evaluation (e.g., Calcularis). Nevertheless, evaluation did usually not
differentiate between single components of the programs so that it is hard to infer the effectiveness of
the number line components in particular. This is different for The Number Race as it specifically
aims “to emphasize the association between representations of number and space (Wilson et al.,
20064, p. 2). There are several empirical studies indicating its positive effects (Wilson et al., 2006b;
2009). Importantly, however, only Kucian et al. (2011) employed and evaluated a specific number
line training. The authors used an advance version of the Calcularis program. The evaluation of this
number line training not only involved behavioral measures but also their neural correlates.
Behaviorally significant improvements of children’s number line accuracy as well as arithmetic
performance were found. On the neural level this was accompanied by reduced recruitment of brain
regions associated with number magnitude manipulations after the training due to automatization of
cognitive processes.

Moreover, there are also attempts to use the MNL concept for training more advanced
mathematical ~ competencies.  Still  on a basic level The Number  Catcher
(http://www.thenumbercatcher.com) addresses the base-10 place-value structure of the Arabic number
system and multi-digit numbers. Moreover, the ARILAB Il environment contains a training of
fraction knowledge by systematic use of number line information (e.g., Psycharis, Latsi, & Kynigos,
2009). Finally, Olson (1995) developed a framework using number lines in the teaching of algebraic
functions.

2.3.2 Interactive number line trainings

In most of above number line trainings learners interact only with the learning environment. Yet, it is
known that players in digital games seem to favor the opportunity to challenge and compete with one
another (e.g., Weibel, Wissmath, Habegger, Steiner, & Groner, 2008). Such a competitive reward
structure (Johnson & Johnson, 1989) seems adequate for simple and speed-related tasks which train
automatic processes (Clifford, 1972), as it is the case for training the MNL. However, it also requires
a homogeneous group of learners, because otherwise it would be demotivating for low-achieving
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learners (Ames, Ames & Felker, 1977). However, as a homogeneous group of learners cannot be
guaranteed there are specific demands on interactivity and adaptivity of the learning environment.

In this vein, we recently developed a web-platform allowing for interactive browser games
addressing numerical and orthographical competencies (http://dbwiscam.informatik.uni-
tuebingen.de/). It is possible to register at the platform and create an account before entering the game
zone. Amongst other games training arithmetic (e.g., addition, multiplication, etc.) a number line
game was implemented in which the players have to indicate the correct position of a given target
number within a pre-defined number range. The number line game comprised two number ranges
(i.e., 0 to 100 and 0 to 1,000) and two difficulty levels (i.e., 0 as start and 100 or 1,000 as endpoint vs.
odd ranges, e.g., positioning 37 on a number line from 12 to 64). Importantly, the number line game
allows interactive gaming in either single- or multi-player modus with up to five players in which a
player can play against other human or computer-controlled opponents. Generally, it is not possible
that a player places his/her estimation on the same position as another player because the marker used
to indicate ones estimations covers about 5% of the entire number line. This way, players are
encouraged to make spontaneous estimations. After all players have set their mark the player with the
estimation closest to the correct position of the target number (indicated by a green bar) wins the
game. Importantly, a first field study showed that because numerical skill levels of players are very
heterogeneous playing against students with a higher skill level was frustrating. However, skill levels
need to be matched so that players apply more effort and play longer periods of time (Liu, Li, &
Santhaman, 2013). Therefore, adaptivity of the training environment is the crucial aspect which will
make or break the whole idea of interactive number line training (see also Wilson et al., 2006a, for
adaptivity in The Number Race). In the further development of the number line game and the web-
platform adaptivity will be implemented in several ways. First, with every game played each
registered player will receive an automatically updated indication of his/her proficiency level to
selectively pair comparable game partners. Second, we will introduce the possibility of individual
handicaps (e.g., time delays) to a balance the chance of winning. Finally, based on the players’
previous estimation performance the activity of the computer-controlled player shall be adapted to
allow for an individual success rate of at least 50%. Thereby, it should be possible to balance success
rates and keep the motivation of the individual players high regardless of their skill level with the
ultimate goal of interventions tailored to the individual’s needs.

2.3.3 Embodied number line trainings

In recent years, digital media such as dance mats and later infrared- (e.g., Nintendo Wii) and camera-
based systems such as the XBOX Kinect sensor started to provide the additional feature of an
“embodied interaction” (Dourish, 2001) by measuring user movements and/or gestures. Yet, besides
the general motivational appeal of embodied interaction, movements and thus embodied features can
also be used to support learning more specifically - given the task to be learned also has a spatial
dimension. In case of numerical tasks the movement of a learner may be congruent or incongruent to
the internal MNL representation. When any learning task activates the MNL, it may be expected that
movements which are congruent to this internal representation should corroborate task performance
and learning.

As a first example of specific embodied number line training Fischer, Moeller, Bientzle,
Cress, and Nuerk (2011) used a digital dance mat to train kindergarteners on a systematic left-smaller
and right-larger association. In a magnitude comparison task children had to take a step to the left
when a presented target number was smaller than a simultaneously presented standard and a step to
the right when the target number was larger than the standard. Importantly, the results corroborated
the hypothesis that an embodied number line training should be more effective than a control training
without physical-spatial elements. Children not only got specifically more accurate in positioning
target numbers in number line estimation but the advantage of the embodied over the control training
also generalized to children's counting principles, which were not trained directly. Finally, the results
of a mediation analysis indicated that children's improvement in counting was mediated by their
improvement in number line estimation and thus by an increase in number line accuracy.

Interestingly, these differential training effects favoring the embodied over the control
training were found for the case of a categorical training of number line direction (i.e., one step to
either the left or right). However, so far the association between the MNL and

249


http://dbwiscam.informatik.uni-tuebingen.de/
http://dbwiscam.informatik.uni-tuebingen.de/

numerical/mathematical performance was even more pronounced for tasks assessing the continuous
nature of the MNL (i.e., number line estimation). Therefore, it seems promising to expand the concept
of embodied number line training to continuous movements along a humber line. Possible computer
technology to allow for this is now available with the increasing width of SMARTBoards® or camera-
based systems such as the XBOX® Kinect sensor. Accordingly, Link, Moeller, Huber, Fischer, &
Nuerk (in press) pursued this idea using the kinect sensor in first graders who had to estimate the
position of a target number by walking along and stop at the correct position on an up to 3 meter long
number line taped on the floor. Compared to a non-embodied control condition they observed that
children improved more strongly not only in number line estimation but also in a mental addition task.
Again this indicates an advantage of the embodied training condition. Finally, so far these embodied
approaches to number line learning are restricted to single user environments. However, when
implementing above described attempts to balance success rates competitive trainings on the dance
mat are well conceivable. Moreover, refined tracking procedures for camera-based systems now allow
for tracking more than one person at a time and thus a competitive version of the continuous number
line training as used by Link et al. (in press).

3. Summary and Conclusions

In the current article we described the idea of a MNL and aimed at evaluating in what way the
development of children’s MNL representation can be corroborated by computer-supported learning
environments. Please note that there already are both paper-pencil but also computer-supported
approaches to number line trainings for which scientific evaluation indicated significant training
effects. Nevertheless, we argue that with the rapid progress in computer technology increasingly
sophisticated possibilities for training the MNL are provided. With respect to interactive learning
environments we suggest that adaptivity will be the crucial aspect of any learning environment aiming
at allowing interactive and competitive number line trainings. Mechanisms implemented to guarantee
balanced success rates in multi-learner trainings seem mandatory to keep even those with specific
needs motivated. As regards the possibility of embodied interactions with the learning material we
propose trainings allowing for bodily experiences of the MNL to be particularly fruitful. New media
devices such as the Kinect sensor allow for full-body movements along the MNL with the
isomorphism between full-body movements in physical and number space corroborating children’s
understanding of numerical quantities. In this context, recent results from research on children with
special needs in mathematics education are of specific relevance. Studies by Ramani and Siegler
(2011; 2012, see also Wilson et al., 2009, for similar evidence for The Number Race) clearly indicate
that training the number line by playing linear board games seems to be even more effective for
children from underprivileged families. Against this background exploiting the possibilities of recent
progress in computer technology seems specifically reasonable as it opens up new directions for the
successful computer-supported training of the MNL targeted at those with special needs in numerical /
mathematical learning.

References

Ames, C., Ames, R, & Felker , W. (1977). Effects of competitive reward structure and valence of outcome on
children's achievement attributions. Journal of Educational Psychology, 69(1), 1-8.

Amory, A., Naicker, K., Vincent, J., & Adams, C. (2008). The use of computer games as a tool: identification of
appropriate game types and game elements. British Journal of Educational Technology, 30, 311-321.

Booth, J. L. & Siegler, R. S. (2006). Developmental and individual differences in pure numerical estimation.
Developmental Psychology, 41, 189-201.

Clark, R. E. (1994). Media will never influence learning. Educational technology research and development, 42,
21-29.

Clements, D. H., & Sarama, J. (2007). Effects of a Preschool Mathematics Curriculum: Summative Research on
the Building Blocks Project. Journal for Research in Mathematics Education, 38, 136-163.

Clements, D. H., & Sarama, J. (2011). Early Childhood Mathematics Intervention. Science, 333, 968-970

Clifford, M. M. (1972). Effects of Competition as a Motivational Technique in the Classroom. American
Educational Research Journal, 9, (1), 123-137.

Cohen, D. J., & Blanc-Goldhammer, D. (2011). Numerical bias in bounded and unbounded number line tasks.
Psychonomic Bulletin & Review, 18, 331-338.

250



Dehaene, S., Piazza, M., Pinel, P., & Cohen, L. (2003). Three parietal circuits for number processing. Cognitive
Neuropsychology, 20, 487-506.

de Hevia, M.D., & Spelke, E.S. (2009). Spontaneous mapping of number and space in adults and young
children. Cognition, 110, 198-207.

Dourish, P. (2001). Where the Action is: The Foundations of Embodied Interaction. Cambridge, MA: MIT
Press.

Dowker, A. (2005). Individual Differences in Arithmetic: Implications for Psychology, Neuroscience and
Education. Hove: Psychology Press.

Fischer, U., Moeller, K., Bientzle, M., Cress, U., & Nuerk, H.-C. (2011). Embodied spatial numerical training of
number magnitude representation — An intervention study. Psychonomic Bulletin & Reviews, 18, 177-
183.

Fischer, M. H., Warlop, N., Hill, R. L., & Fias, W. (2004). Oculomotor bias induced by number perception.
Experimental Psychology, 51, 91-97.

Geary, D. C., Hoard, M. K., Nugent, L., & Bailey, D. H. (2012). Mathematical cognition deficits in children
with learning disabilities and persistent low achievement: A five year prospective study. Journal of
Educational Psychology, 104, 206-223.

Greene, C., Ginsburg, H. L., & Baalfanz, R. (2004). Big Math for Little Kids. Early Childhood Research
Quarterly, 19, 159-166.

Griffin, S. A. (2004). Building number sense with Number Worlds: a mathematics program for young children.
Early Childhood Research Quarterly, 19, 173-180.

Griffin, S. A., Case, R., & Siegler, R. S. (1994). Rightstart: Providing the central conceptual prerequisites for
first formal learning of arithmetic to students at risk for school failure. In K. McGilly (Ed.), Classroom
lessons: Integrating cognitive theory and classroom practice (pp. 24— 49). Cambridge, MA: MIT Press.

Johnson, D., & Johnson, R. (1989). Cooperation and Competition: Theory and Research Edina, MN: Interaction
Book Company.

Kozma, R. (1991). Learning with media. Review of educational research, 61, 179-211

Kucian, K., Grond, U. Rotzer, S.,Henzi, B., Schénmann, C., Plangger, F., Galli M., Martin, E., & von Aster, M.
(2011). Mental number line training in children with developmental dyscalculia. Neurolmage, 57, 782—
795.

Lenhard, A., Lenhard, W., Schug, M., & Kowalski, A. (2011). Computerbasierte Mathematikférderung mit den
»Rechenspielen mit Elfe und Mathis 1“ Vorstellung und Evaluation eines Computerprogramms fir
Erst- bis Drittklassler. Zeitschrift fiir Entwicklungspsychologie und Padagogische Psychologie, 43, 79—
88

Loetscher, T., Schwarz, U., Schubiger, M. and Brugger, P. (2008). Head turns bias the brain's internal random
generator. Current Biology, 18, 60-62.

Moeller, K., Pixner, S., Kaufmann, L., & Nuerk, H.-C. (2009). Children’s early MNL: Logarithmic or rather
decomposed linear? Journal of Experimental Child Psychology, 103, 503-515.

Li, Q. & Ma, X. (2010). A meta-analysis of the effects of computer technology on school students’ mathematics
learning. Educational Psychology Review. 22, 215-244.

Link, T., Moeller, K., Huber, S., Fischer, U., & Nuerk, H.-C. (in press). Walk the number line — An embodied
training of numerical concepts. Trends in Neuroscience and Education.

Liu, D., Li, X., & Santhanam, R. (2013). Digital games and beyond: What happens when players compete?
Management Information Systems Quarterly, 37, 111-112.

National Council of Teachers of Mathematics (2000). Principles and Standards for School Mathematics.
Reston, VA, USA.

Olson, J. R. (1995). The Effect of the Use of Number Lines Representations on Student Understanding of Basic
Function Concepts. In Owens, Douglas T. Proceedings of the Annual Meeting of the North American
Chapter of the International Group for the Psychology of Mathematics Education, Volume 2, 308-312.

Opfer, J. E., & Siegler, R. S. (2007). Representational change and children's numerical estimation. Cognitive
Psychology, 55, 169-195.

Psycharis, G., Latsi, M., & Kynigos, C. (2009). Meanings for fraction as number-measure by exploring the
number line. International Journal for Technology in Mathematics Education, 16, 91-107.

Ramani, G. B., & Siegler, R. S. (2008). Promoting broad and stable inprovements in low-income children's
numerical knowledge through playing number board games. Child Development, 79, 375-394.

Ramani, G. B. & Siegler, R. S. (2011). Reducing the gap in numerical knowledge between low- and middle-
income preschoolers. Journal of Applied Developmental Psychology, 32, 146-159.

Ramani, G. B., Siegler, R. S., & Hitti, A. (2012). Taking it to the classroom: Number board games as a small
group learning activity. Journal of Educational Psychology, 104, 661-672.

Siegler, R. S., & Opfer, J. E. (2003). The development of numerical estimation: evidence for multiple
representations of numerical quantity. Psychological Science, 14, 237-243.

Siegler, R., & Ramani, G. B. (2009). Playing linear nhumber board games—but not circular ones—improves
low-income preschoolers’ numerical understanding. Journal of Educational Psychology, 101, 545-560.

251



Weibel, D., Wissmath, B., Habegger, S., Steiner, Y., & Groner, R. (2008). Playing online games against
computer- vs. human-controlled opponents: Effects on presence, flow, and enjoyment. Computers in
Human Behavior, 24, 2274-2291.

Wilson, A. J., Dehaene, S., Pinel, P., Revkin, S. K., Cohen, L., & Cohen C. (2006a). Principles underlying the
design of "The Number Race", an adaptive computer game for remediation of dyscalculia. Behavioral
and Brain Functions 2:19.

Wilson, A. J., Revkin, S. K., Cohen, D., Cohen, L., Dehaene, S. (2006b). An open trial assessment of “the
number race”, an adaptive computer game for remediation of dyscalculia. Behavioral and Brain
Functions, 2:20.

Wilson, A. J., Dehaene, S., Dubois, O., & Fayol, M. (2009). Effects of an Adaptive Game Intervention on
Accessing Number Sense in Low-Socioeconomic-Status Kindergarten Children. Mind, Brain and
Education, 3, 224-234.

252



