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Abstract: In this paper, time evolutions of students’ knowledge level who are engaged in
collaborative learning, is simulated using mathematical model. In this model, students try to
acquire hierarchic-structured knowledge. It is found that the structure of the collaborative
groups formed by the students influence their achievements. Collaborative learning is said to
be useful because one can reach the level where one cannot reach with the traditional teaching
approach. We have the result that collaborative learning is especially effective when learning
the difficult knowledge and we might be able to say our model successfully described the
aspect of collaborative learning.
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1. Introduction

In recent years, there have been theoretical studies of teaching-learning process especially in a
collaborative learning. Since Hake reported that the performance of the students can be enhanced
using a teaching approach involving collaborative group work, in contrast to the traditional non-
interactive lectures (Hake, 1998), the processes of learning and understanding physics and
mathematics have become the focus of cognitive research. In order to precede the research,
mathematical model of teaching-learning process have been proposed and studied.

There are some mathematical models of teaching-learning process and we classify these
models into three categories; differential equation modeling (Pritchard, et al., 2008), Ising spin
modeling (Bordogna et al., 2001, 2003, Yau-Yuen, 2006, Yasutake, 2011) and stochastic process
modeling (Nitta, 2010). In this study, we adopt Ising spin modeling since the model is most-
investigated one among mathematical learning models. In the Bordogna's model, a collaboration
results in exchanging student's knowledge with each other. However the knowledge was just a block
of what he/she knew in the model. Actually, one knowledge should be based on related basic
knowledges, namely hierarchic structure of knowledge. This is similar to hierarchic model of data,
information, knowledge, wisdom, known as DIKW Hirarchy (Ackoff, 1989).

In this study, we propose a mathematical model of collaborative learning and we suppose that
students exchange hierarchic knowledge with each other. The aim of this study is to clarify how
students acquire knowlege and what kind of manner of grouping of students are effective for
collaborative learning.

2. The model and the simulation method

When we work out a solution to the problem, various types of knowledge are necessary. So we
suppose a hierarchic structure of knowledge shown in figure 1. It shows that one needs both
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knowledge A and B, which are the knowledge that lies under the knowledge D, to learn knowledge D
and same thing applies to knowledge E and F. The knowledge level of the ith student at time t is given
by S5;(£)(0=5,(t) =1), where S;(t)=1 corresponds to optimum knowledge and 5;(t) =0

corresponds to no knowledge at all. The knowledge level 5;(t) consists of knowledge levels S, ;(t),
‘S'.E‘_.i(t}l eey ‘S'F_.i (t}

Knowledge F
Knowledge D Knowledge E

Knowledge A Knowledge B Knowledge C

Figure 1. Hierarchic structure of knowledge

A class is divided to some groups and each group consists of n students. The cognitive impact
of the student-student interaction in a group for knowledge A~C, € ﬁ-’: () (A~C applies for X) is given

by

CH(8) = Ty jully (DL — Ae(8)) (S5 () — S (D] (1)
where I;;(£) is the power of influence of jth student on ith student and A4;(t) is the confidence of the
ith student. Cognitive impact is expected to be larger when the power of influence is large. The more
confidence the student has, the less cognitive impact the student gets, because he/she has the

confidence that his/her idea is correct meaning there is less chance to change his mind. The term
(5x,;(£) — 55, (£)) shows that the bigger the difference between the ith student’s knowledge level and

the jth student’s knowledge level, the larger the cognitive impact will be. It also shows that cognitive
impact will be negative when the jth student’s knowledge level is smaller than the ith student’s
knowledge level and positive in opposite case.

We model that the cognitive impact for knowledge D~F, ﬁf (t) (D~F applies for Y) depends

on the knowledge level of basic (or lower) layer one and the model is described as
Cy3(8) = By o 0 (01 — A (8)) (Sy;(8) — Sy () (Syas + Sy:) /2] (2
Sya; and Syg; is the two knowledge levels that lies under the knowledge level Y. The term
(Sya; + Syg:) means that when your knowledge levels of A and B are small, you have less chance to
gain cognitive impact on knowledge D. I;;(2) and 4;(t) is assumed to be given as

1;(8) = I%]5;(0) — 5:(2)| 3)
and
A;(t) = A%5,(2), 4)

where Ig. is the value of influence that jth student potentially has on ith student. It depends on many

factors such as the relationship between the jth student and ith student, persuasiveness, assertiveness,
etc. A? is the value of confidence that ith student potentially has. It is provided by the student’s
characteristic.

The cognitive impact of teacher on ith student can be written as

Cxi () = Iz (Sp — Sx: (1) (5)
and
Cy; (@) = I (S — Sy (£))(Sya: + Syas), (6)

where 57 and I;r are the knowledge level of the teacher and his/her power of influence on ith student.
I:7 is assumed to be given by

Ir(£) = 1% |57 — 5;(8)], (7
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where 17 is the value of influence that the teacher potentially has on the ith student. In the case of
S5(t)=5 }-(t}, ith student will try to teach the jth student and when he/she does, what he/she doesn’t

know becomes clear. So he/she can learn more efficiently from his/her teacher. Therefore, if S;(t) is
larger than S;(t), ¢T=(t) is amplified as

CFEW) =D+ (57— S5:(1)), ®)
which means that €7~ (t) becomes larger when the ith student has small knowledge level because

he/she has lots to learn and has better chance of gaining larger cognitive impact.
The knowledge is assumed to be a dynamic variable influenced by the cognitive impact as
Bordogna described. At a given time interval Az, the student’s knowledge level changes as follows:

i. a knowledge gain of amount A 5;(t), i.e.

Si(t+ At) = S;(£)+ A 5;(t) with a probability of p,, = eflGilt)-al sz (9)
or

ii. no knowledge gain, i.e.

S;(t+ At) = 5,(t) with a probability of P;; = 1/Z (10)
or

iii.  aknowledge loss of amount A 5;(t),i.e.

S:(t+ At) = 5,(t) — A §;(t) with a probability of p,; = ef(-Cilt)-a) /7 (11)
where Z and A §;(t) are given by

7 = eBlCit)—a) 4 1 4 pB(-Cilt)—a) (12)
and

A5 ()= (1—15;(DI1)/10 (13)

in which C;(z) is the sum of 7= and €;°. A 5;(t) is larger when the student’s knowledge level is low
and it is smaller when his/her knowledge level is close to the optimum knowledge. This is because the
less knowledge one has the more things one has to learn and if one’s knowledge level reaches 1, one
has nothing to learn and A 5;(t) becomes 0.

It is assumed that 5+ =1, & = 0.3, § = 2.0, i=1,...,N in this paper. N is the total number of

students in the classroom and 7%, is taken at random in the interval of (0.6,1). Also I%-and 4%in (0,1).

3. Result and discussion

We take the class size N=99 which is divided into 33 groups with 3 students in each group. Students
take previous diagnostic test, and are classified into three different sets, namely “high achieving (HA)
students” with (S} ® 0.6, “average achieving (AA) students” with {544} ¥ 0.4, and “low achieving
(LA) students” with (5,4} # 0.2, Subsequently, three different cases are considered. In Case I, the
students only learn from the teacher, which corresponds to the so called traditional teaching approach.
In Cases Il and 111, the students not only learn from the teacher but also engage in collaborative work
and interact with other students. However, these two groups are formed differently: in Case Il the
groups are homogeneous and all the members of each group are selected from same group so that they
have same level of knowledge. In Case Il the groups are heterogeneous and a member is chosen from
each set so that they have different level of knowledge.
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Figure 2.Time evolutions of students’ knowledge level in a homogeneous group (a) and in a
heterogeneous group (b). Collaborative learning is included in the red curves (Case Il in (a) and 111 in
(b)) whereas the blue curves contain no student-student interaction (Case 1).

Figures 2 (a) and (b) show the time evolutions of knowledge level for (a) Cases I and Il and
for (b) Cases I and I11. All students’ performance is enhanced when they are engaged in collaborative
learning (Cases Il and I11) as compared to the traditional approach (Case I). LA students perform
better when the group is homogeneous. On the other hand, HA students and AA students perform
better when the group is heterogeneous. This result is contrast to that of Bordogna and Albano
(Bordogna et al., 2001, 2003). Their results are as follows: LA students perform much better when
they interact with HA students and their achievement was either worse or indistinguishable as
compared to the traditional lectures when they interact with LA students. But HA students perform
much better when they form homogeneous groups. In figure 2 the knowledge level does not reach 1
but when we have enough simulation time, the knowledge level gets close to 1. We need to check up
how long the simulation time is equivalent to actual studying time.

Figure 3 shows the time evolution of students’ average knowledge level in a traditional
teaching approach (Case 1), homogeneous group (Case Il) and in a heterogeneous group (Case IlI).
Students perform better when they are engaged in collaborative learning regardless of grouping. They
perform slightly better when they are formed in homogeneous groups than formed in heterogeneous
group.

Student's average knowledge level

0 i
] 20 40 60 a0 100

time t
Figure 3. Time evolutions of students’ average knowledge level in a traditional teaching approach
(blue curve), homogeneous group (red curve) and in a heterogeneous group (green curve).

Figures 4 (a) and (b) show the time evolution of knowledge level A, D and F for Cases | and
Il for low achieving students (a) and for high achieving students. Both results show that collaborative
learning is effective for all knowledge but especially when learning difficult knowledge. Collaborative
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learning is said to be useful because one can reach the level where one cannot reach with the
traditional teaching approach. We might be able to say this result is showing the aspect of the
collaborative learning.

To show the effectiveness of collaborative learning using quantitative index, let us introduce
Hake’s actual gain G and show the result in figure 5. Here, gain G is defined as the difference
between the primary knowledge level and the knowledge level at time 40 in the simulation. We have
chosen time 40 because its result was most close to the result of Hake’s. In figure 5, each points
corresponds to each student’s result. We can see the collaborative learning (red points) is slightly
more effective than the traditional learning (green points). The result is qualitatively equivalent to
Hake’s results and this means that our model might be appropriate mathematical model of learning.

4. Conclusion

Mathematical learning model has been formulated to simulate the collaborative learning processes
provided by any intelligent tutoring systems. It is found that collaborative learning is effective in both
grouping, homogeneous grouping and heterogeneous grouping. The students’ average knowledge
level was slightly better in the case of forming homogeneous groups than in the case of forming
heterogeneous groups. But AA students and HA students perform better in heterogeneous groups so
we cannot necessarily say forming homogeneous groups is better than forming heterogeneous groups.
Result showed collaborative learning is effective when learning difficult knowledge. This might help
teachers to improve their teaching strategies.

It is important to compare the results of the present studies with the results of actually
implemented collaborative learning. Then we reformulate and make the more reliable mathematical
model and propose a good condition for students to learn. In the procedure, not only qualitative but
also quantitative investigation is required. In this paper, we introduced students' gain defined by Hake,
which we calculated by the use of the numerical results of the time 0 and 40. In order to further
enhance authenticity, it should be investigated how long the simulation time is equivalent to actual
studying time. We hope that this type of numerical study will help in developing education.

1 1 T T

Student's average knowledge level
Student's average knowledge level

0 20 40 6l 80 100 0 0 40 60 80 100
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Figure 4. Time evolutions of students” knowledge level A (highest pair of curves), D (middle pair of
curves) and F (lowest pair of curves) in a homogeneous group. (a) shows the knowledge level of low
achieving students and (b) shows the knowledge level of high achieving students.
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Figure 5. Gain G vs. primary knowledge level. Red points are the students engaged in collaborative
learning and green points are the students only engaged in traditional learning.
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