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Abstract: The aim of this research is to develop a handsgatial geometry learning
system to facilitate students’ geometry learninige ystem is developed with Duval’s four
critical elements of geometry apprehension inclgdierceptual apprehension, sequential
apprehension, operational apprehension and diseuagiprehension. The system supports
senior high school students in the process of apgometry problem-solving, allowing
them to hands-on manipulate spatial geometry geapdnid develop their visualization and
mental imagery. In total, 58 participants from eiffint classes were recruited. The
experimental group used the hands-on learning isystdereas the control group followed
the traditional paper-based approach. The studgstiyates the effects of the hands-on
geometry learning system on students’ perceptuatedqgnsion, sequential apprehension,
operational apprehension, overall spatial georrstoyes and learning attitude. The results
revealed more learning attitude, and higher peusptapprehension, sequential
apprehension, operational apprehension in the ampatal group.

Keywords: spatial geometry, mathematics, mobile devices,tahémagery, imagery and
visualization.

Introduction

The visual dimensions of mathematical learning e value of visual-spatial thinking
increasingly have been acknowledged as essentrabhtbematics education (Clements &
Battista, 1992; Zimmermann & Cunningham, 1991). €égmtualization of geometrics is the
basis to develop the mental ability to think intadst terms by using real-world objects as
examples to learn to think in terms of abstracteoty and finally postulate and prove
formally defined objects (Zhou, 1999; Do & Lee, 2D0Spatial ability is a critical skill in
geometric learning. Several studies investigate twunprove spatial abilities (Hannafin,
2004; Hannafin, Truxaw, Vermillion, & Liu, 2008; Kmann & Schmalstieg, 2003, Yang
& Chen, 2010).

Actions of dissection, rearrangement and reconmgogromote the imagination and
logical thinking through observation and analy§ite(nents & Battista, 1992). However, in
real class interactions, teachers often are nettalholistically present visualized views to
students because of the lack of props as usefylements, creating misinformation for
students. They are often restricted by the fornefindions as well as the logical order of
operations putting them in a position that focuess on the meaning of geometry that
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begins with observation, operation, categorizatiamg organization (Battista, 1994). A
mathematical concept or problem presented onlgxtutl data are often overtly abstract
and cannot be easily understood (Guttierez, 199@)en teachers focus strictly on
mathematical logical signs and describing thenhieyr definitions, concepts, or properties,
it might not be effective to help students builthiaking system to construct a spatial image
and to manipulate it when trying to solve a probler8-D geometry (Garrity, 1998; Gurny,
2003). Skemp (1987) pointed out that, by direatiydducing definitions and formula to
teach mathematical concepts might be the most seneay for the teachers; however, it is
often at the detriment of their students. When aggya brand new concept, most students
start their first step from the actual scenarisiafations (Anna Sfard, 1991).

Krutetskii (1976) had pointed out that reasoniagdal on visualization was not unique.
Different students can visualize the same problendifferent logical reasoning ways.
Focusing on just one single point of view will makstalemate (geometrical rigidity) (Hoz,
1981), a state where students dwell around ondespmjnt of the visualized geometric
image, unable to reason from different viewpoints.

Presmeg (1986) had suggested the following péantthe visualization:

I. Single sample of the illustration was often misiagd
ii. Standardized images would easily limit students’ darstanding of the
non-standardized geometric shapes
iii. Fixed images that cannot be manipulated could ktitients’ ability to reason
Without focused and detail-oriented reasoning asglyt was often ineffective for students
to understand the reasoning process. Even thrauglade misunderstanding for students.

Previous studies on spatial geometry emphasizechgeic learning activities should
focus on the actual observations and operatiorsh(fi, 1989; Grand, 1990). Duval (1995)
stressed the complex or abstract mathematical ptsapecific to visually present (for
example: space coordinate system), or the entityipn&ation aids, inspiring students to
develop their spatial visualization. Bishop (1986)ieved there are two particular abilities
suitable for dealing with geometric objects. Thestfiability is to interpret the image
information. It is involved in visualizing processne can manipulate and converse the
visual representation with the corresponding mentabe. The second one is the ability to
manage the visualization process. This is antghiti understand how to use shapes,
diagrams, and descriptive narratives to presenimgéy concepts. Clements (1979)
emphasized that learners with good visualizatiod mrental imagery would be able to
observe different perspectives of objects, judgkéraanipulate the mental images of those
objects.

Duval (1995) discovered that figure through thegess of manipulation, description,
and reasoning can deepen our understanding ofotlreckitical elements of geometry
apprehension (perceptual apprehension, sequeppeti@ension, operational apprehension
and discursive apprehension). Perceptual appreadrensithat which we recognize and
distinguish properties of shapes. Sequential agmsbn is through construct figure from
properties. In this case the figural units depemd on perception but on technical
constraints (e.g. ruler and compass, primitivegamputer software) and mathematical
constraints. Discursive apprehension is that wepom® family of figures and analyze
families of figures. In any geometrical figure tperceptual recognition of geometric
properties depends on discursive statements, giigéve words to explain the properties
of geometric system and to reason based on thes&rimteve constructs. Operative
apprehension depends on the way in which a givgurdiis modeled, for example by
dividing it into parts, or by transforming it opaity or changing its orientation in the plane.
These modifications can be performed mentally gismally. Duval (1995) suggested that
operating on a figure in certain ways is criticathe heuristic process and that pupils need
to be taught how to do this. However, operativarapgnsion is not independent of the other
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apprehensions, discursive and perceptual appreimensiery often obscure operative
apprehension.

It is suggested that work with computers may supihe development of sequential
apprehension and it also might encourage the dewedat of operative apprehension if the
software has been designed with this in view (Du¥@B5). Therefore, students will have
more sufficient experiences in manipulating georoatniapes and visualizing the figures in
order to develop the ability to reason from georoefigures. Computers can be the
supplemental tool in assisting students to expearimgial out, and comprehend the
properties of geometry (Lin, C. P., Shao, Y. J.ngd_. H., Li, Y. J., Lin, C.P. et al., 2011).
Moreover, when conducting geometry instructionackers should emphasize on how to
develop students’ ability in visualizing geometatial relationships as well as presenting
the concepts both holistically and independentlut{i@rez, 1996). Using computers to
provide multiple angles of the diagrams, in addiéiito being able to freely manipulate, and
observe geometric relationships can facilitate aligggometry learning and teaching.
Following the advances of technologies, multimexited learning system has increasingly
been the focus in the pedagogical area. Dixon (L@&¢overed that GSP (The Geometer's
Sketchpad) had helped grade eight students in staheling conceptual constructs of
rotation and mirror images of geometric diagramsrt® Tinde (2002) believes that
computers can present different visual forms ofngetnic structures and characteristics
which benefited students in solving geometric peaid. Osta (1998) discovered that
computers can provide a rich interaction betweamlers and the diagrams. Chang, et. al.
(2007) proposed that multimedia materials havewvégteatial effect on students’ ability to
visualize, analyze, describe, reason, and orgagememetric information. The National
Council of Teachers of Mathematics even suggestetllize interactive computer software
applications for students to learn geometry (NCR2EDO).

Since information technology allows people to caminate concepts of multiple
views via 3-D that are difficult to convey with ditional 2-D illustrations, it can help
students develop the ability to think geometricallyd sharpen their skills on geometric
studies. Moreover, many researchers believe thahwtudents transit to an area of higher
mathematics, the ability to visualize spatial relaships becomes even more important
since the complexities of visual recognition wollave increased dramatically (Smith,
1964; Fennema, 1977). It highlights the importan€espatial geometry teaching and
learning.

Compared to personal computers, mobile deviceé&\(HRblets, etc.) are portable and
capable of performing calculation tasks which midesn ideal as supplementary tools for
classroom learning (Trimmel & Bachmann, 2004; Hesyge2000; Sung, Y. T., Chang, K.
E., & Wu, L. J., 2007). They enable one to inteidiotctly with what is displayed, rather
than indirectly with a cursor controlled by a mouSecondly, it lets one do so without
requiring any intermediate device that would neeld held in the hand.

According to these reasons, this research hagadilmobile devices to develop
interactive geometric learning practice systemowvalhg students to actively perform
operations on the live shapes as a method of pragtiguiding students’ cooperation and
discussion to elevate the students’ spatial andhgécal learning results.

1. Hands-on Spatial geometry learning activity and GeBlay system
GeoPlay (Spatial geometry hands-on learning systam)its spatial geometry learning
curriculums are designed based on the four elenoéhgical reasoning Duval (1995) had

proposed. In order to meet the learning needsgeiiperimental tools developed in this
research have been used in a classroom settinmgetiudents to immediately apply and
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build their logical reasoning roadmaps after thstructor has provided formal instructions.
The research focus on students’ actual practi¢adibtate them to develop the other three
apprehensions. The learning activities are asviclio

e Perceptual apprehension vs. questions with textditir When learners click the
sample exercises, the first problem will be presérats text format (Figure 1). As in the
general text questions, learners can think and rgemeanswers accordingly from the
description of questions. Their perceptual apprsioen will form through learners’
understanding of the text description. They cawesgroblems by their mental imagery,
however, their mental imagery is not necessarigydame as the given graph, which may
have the wrong perception of understanding. Iflees choose to answer the question in
this stage, the system will immediately give feedbafter learners sent the answer.
Learners may share the feedbacks with peers dn¢esac

e Sequential apprehension vs. questions with figioesat: Younger students might
particularly face greater challenges in understandabstract geometry concepts or
problems simply by giving them text descriptionbeTprocess of individuals constructs a
figure by using visualization tools (such as pagedt pen, computers, or generating image
in mind) to aid in analyzing, interpreting, andr@ag concepts is a kind of sequential
apprehension. Constructing figures can be usedtasl & understand abstract geometric
concepts (Yakimanskaya, 1991) or to reduce thevighaial burden of the working memory
area. Therefore, learners can choose to click Eigufe” button to transfer text-format
guestions into figure-format through GeoPlay syst@figure 2). And they can use
handwriting function to mark some important keyommhation on the figures. If learners
cannot convert the text description to the figumestead of, they can create their own visual
image assisted by given figures.

e Operational apprehension vs. questions with dynamanipulation: Duval (1995)
observed that the figure can be manipulated, arwdi¢in changing the figures in different
ways, learners will get operational understandimdnelp them solve difficult geometry
problems. Operative apprehension is a kind of doagnprocess that individuals transfer
figures to mental imagery. These modifications barperformed mentally or physically.
Thus, if learners still cannot think and reasowtgh the figure-format questions, they can
click the “Manipulate” button. System will show thsolid geometry components
constructed form Cabri 3D which can provide leasmaanipulate by touch pen (Figure 3).
Through manipulating the geometry components (cingripe size or its orientation in the
plane), they will easily start to think and reapassible answers of the questions. Learners
also can improve their skills of mental imagery arsaialization through their manipulating
to the solid geometry components.

e Discursive apprehension vs. solving questions djtamic reasoning: Mathematical
properties represented in a drawing cannot beméted through perceptual apprehension.
A graphic without denomination or hypothesis isaambiguous representation, so that not
everyone will see the same things or the same piepeA graphical presentation of
identification will affect the individual perceptioThat is, although individuals can simply
perceived by the figure nature of some of the geénméut may be wrong. Therefore, some
must first be given through speech (denominatiahteypothesis) and others can be derived
from the given properties. In other words, the disive apprehension of individual of the
figures is not based only on perceptions of figayenbols have yet supplemented by
narrative text. Discursive apprehension is the dognprocesses that individual describes a
figure through language or narrative text or ugetéxt representation to reason. Therefore,
students can click the "Solution" button and shdwe Flash animation walkthrough
reasoning problem-solving process to help learbeils their own reasoning abilities.
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2. Methodology
2.1 Participants

In order to determine how effectively the Geoplayprove the ability to think geometrically
among senior high school students, the study bsegre- and post-test quasi-experimental
design. The study selected two senior high schaskes in Taipei City which divided into
an experimental group and a control group. Thereev@d students in the experimental
group (19 boys and 12 girls) and 27 in the corgroup (13 boys and 14 girls).

2.2 Experiment

A gquasi-experimental design was used in which titependent variable was the group
(control group or experimental group). The depehdanable was the post-test score for
each learning part and the pretest score was teriaoce. The experimental group used
Geoplay to practice the activities of geometriamgag while lecture-based instruction was
used for the control group. Moreover, experimeatal control group had the same teacher
and learning material. After the experimental mmeait, the ANCOVA analysis will use to
evaluate the significant effects of different laaghoutcomes.

2.3 Material
2.3.1 Handheld mobile learning software for spatial getniye

The study selected three units from senior higlogkchpatial geometry curriculum, space
coordinate system, the spatial relationship betwleen and plane, spatial intersection
between shapes. The students in the experimerdapgracticed with Geoplay system.
Each student was required to complete every agtivit

2.3.2 Pre-test and post-test

This experiment involved conducting tests to find the changes in students’ geometry
ability after practicing with every activity. Theigstions were selected from the three units
and organized into pretest and post-test. The imussin the pretest and post-test were
based on the same concepts and belong to the saston types. There were 7 questions
about perceptual apprehension, 11 questions aheuséquential apprehension, and 7
guestions about operational apprehension, totalg@8&stions. The questions about
perceptual apprehension aimed to assess studesis’ §pace mapping capabilities. This
part of the composition is unique and differentistuts will not have much different ideas in

the graphics. The questions about sequential apps&im were to assess students’ visual
ability (visualization) of geometry figure. This paof the composition is not unique,
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different students may have different ways of cosigan. The questions about operational
apprehension tested students’ ability to manipulaighics in geometry problem solving

procedure. Students are required to reason acgptalithe description of questions, based
on composition, reasoning and then manipulationisafal graphics, the last inference the
answer.

2.4 Procedure

Prior to the experiment, both groups were conduetetD-min pretest, after which the

formal experiment was performed. The students peamental group practiced geometry
learning activities by using GeoPlay, and controbup of students involved in a

lecture-based instruction. After completing the exkpent, each participant was given a
post-test.

3. Results

To understand the effect of "Spatial geometry hamd$earning system" (GeoPlay) on
students learning of spatial geometry, the singtgelr analysis of covariance (ANCOVA)
was used to analyze the change of students’ pieatelgbosttest scores. The pretest scores as
a covariance to analyze the difference betweertggiswithin the two groups. The results
were divided into four part (perceptual apprehemssequential apprehension, operational
apprehension, and overall spatial geometry scoas), were analyzed if posttests in
experimental group and control group had significhfierence in each part.

The test scored one point for each question, parakapprehension part contained 7
points, sequential apprehension part containeditityy and operational apprehension part
included 7 points, total 25 points. Table 3 lisis pre- and post-test scores of experimental
group and control group.

Table 3 Average and standard deviation of testescfar the experimental group and
control group in the pretests and post-tests

Groups N Perceptual Sequential Operational Overall
Experimental| 31 | 4.61(1.75) 5.61(1.38) 8.45(1.63) 9.45(1.43) @L.7B) 3.29(1.42) 15.86(3.27) 18.36(3.4]7)
Control 27 | 4.26(2.57) 4.82(1.98) 7.96(1.81) 8.48%). 2.09(1.46) 2.17(1.49) 14.32(4.91) 15.46(4.38)

The mean and SD values of the posttest in bothrerental group and control group
had improved after experiment treatment (see Tapl&hus further analysis of pre- and
posttest in both groups to investigate whetheretli®r significant difference between the
two groups.

One-way ANCOVA was used to identify significantfdiences between experimental
and control group post-test scores for perceptpptehension, sequential apprehension,
operational apprehension, and overall spatial gégnseores after eliminating the effects
of the pretest scores. First, the homogeneity ef rdgression coefficients of the total
post-test score and post-test score for each pare wested. The F values for the
homogeneity of the regression coefficients on thstqest scores for the four parts match
the basic hypothesis of the homogeneity of theasgjon coefficient (F (1,54) = 1.77, 0.07,
0.15, 0.01; p > .05). ANCOVA could be used to exmnihese data. The result of
ANCOVA showed the scores in perceptual apprehenswene not reach statistical
significance (F (1,55) = 3.71, p=.06>0.05) betweaperimental group and the control
group, but the result in sequential apprehensiqerational apprehension and overall
spatial geometry scores were significantly highe¢1(,55) = 4.23, p=.05; F (1,55) = 4.701,
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p=.034<.05; F (1,55) = 8.111, p=.01<.05) in theaxpental group than in the control
group.

4. Discussion and Conclusions

First, the result showed that the neither expertalegroup nor the control group showed a
significance in their perceptual apprehension. Gduase of the inconsistency may be that
students may solve problems with visual approacteven they solve problems directly
using memorized formulas. Therefore, there is mmiBcant difference on perceptual
apprehension between the experimental group bygusiatem and the control group by
using paper-based instruction. Second, there ayeifiseant differences in sequential
apprehension between two groups. This finding rsistent with the researches of Battista
(2002) and Clements (1997). GeoPlay guides studenteveloping visual thinking by
means of presenting illustrations of a variety bjeats. This method is equally beneficial
for developing a student’s visual thinking throulgh use of physical teaching tools to guide
the student’'s geometric thinking. Third, part oswal manipulation, most are more
complicated geometric problems, requiring much éidbvel of multi-cognitive analysis.
Students must reason and solve problems by usingamand visual method (visual
imagery). Students must use Duval’s (1995) opanatianderstanding of the visual image
manipulation to reasoning problem-solving. The ltssshowed that performance in
operational apprehension part of the experimentalig and control group, significant
differences can be inferred. By using the "Spag@bmetry hands-on learning system"
(GeoPlay), there are positive effects on spatiahggry teaching. It's also helpful for the
operation of the visual imagery of students’ prabigolving. It is in line with Osta (1998)
presented that interactive operating environmeroisducive to the development of the
visual capabilities, such as mental imagery andalization. Fourth, the Overall spatial
geometry scores showed that the experimental gaodpcontrol group were significantly
different. It can be inferred using the "Spatialogetry hands-on learning system”
(GeoPlay) can facilitate spatial geometry teachiigo, through the dynamic manipulation
environment provided by the system, the mechanisipshto improve students’ spatial
geometry learning. It is in line with Battista (Z0@heory of geometry learning, and also
consistent with previous research investigated tbamputer interactive learning
environment can assist the development on spétll @Berta Ttinde , 2002; Dixon, 1997).
Sixth, the results of the learning attitude questaire showed that students hold a positive
attitude about the use of "hand-held mobile leagnool in the spatial geometry learning
system" (GeoPlay). Most students showed the peségreement for the use of computers
to more clearly show three-dimensional geometryenmgss, and the manipulation of
graphics also help build spatial concepts. In paldir, the ratio of up to 93.6% considered
that computer images can be shown more speciflor@e-dimensional geometry, 80.6% of
the proportion thought that "hands-on manipulatwill’'be the best way to help understand
the three-dimensional geometric problems, whichwstiat the system can indeed provide
effective support in the three-dimensional geomkgayning.
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