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Abstract: This research addresses challenges in automated math grading by focusing 
on assessing complex reasoning in high-order math questions through written self-
explanations. We developed a rubric-based scoring system using LLMs, incorporating 
an algorithmic output checker and self-consistency sampling. Twelve self-explanations 
were scored, with expert grades as the gold standard. Results show the algorithmic 
checker outperforms the LLM-based method, and self-consistency sampling enhances 
alignment with expert judgments. Overall, the approach will offer accurate feedback, 
reducing teacher workload, boosting student engagement, and enhancing scalability, 
while indicating a need for automated rubric generation. 
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1. Introduction 
 
Automated grading and real-time feedback can substantially reduce teacher workload and 
boost learning outcomes (Celik et al., 2022) yet assessing high order thinking and ensuring 
broad applicability remain challenging (Langove & Khan, 2024). Existing tools like MathDIP 
provide step-level feedback on handwritten formulas but focus solely on computation, 
neglecting reasoning (Pacheco-Venegas et al., 2015). To address this gap, we target students’ 
written self-explanations, which reveal causal and conceptual inferences vital for complex 
reasoning (Bisra et al., 2018). Although benchmarks such as MathBench (Liu et al., 2024) 
offer structured evaluation, they may not reflect real-world performance (Porcu & Havlínová, 
2024). Recognizing that Nakamoto et al. (2025)’s collaborative feedback system can 
propagate students’ inaccuracies and undermine reliability, we introduce a rubric-based 
automatic grading framework that combines LLM-based scoring, algorithmic output validation, 
and self-consistency sampling. Our study investigates: to what extent can LLMs accurately 
grade high-order mathematical reasoning in students’ self-explanations? 
 
2. Methods 
 
In December 2021, we collected 12 written self-explanations produced as regular homework 
submissions by Grade 8 students (13–14 years old) using self-explanation box in the LEAF 
system (Flanagan & Ogata, 2018). We treated these narratives as exercise answers. Three 
experts independently scored each explanation using a binary rubric with five items: use of 
mathematical definitions, equation formulation, calculation techniques, mathematical thinking 
(including higher-order reasoning), and key considerations. Inter-rater agreement, measured 
by Fleiss’s Kappa (𝜅 = 0.67), denotes substantial consistency per Landis & Koch’s standards 
(1977). This 𝜅 value indicates that expert scores were sufficiently consistent. 



We developed an automatic scoring system (Figure 1) that evaluates student self-
explanations against a provided rubric using self-consistency LLM sampling. Input data 
include question text, rubrics, a standard answer, and a student self-explanation. From these, 
we constructed prompts (Figure 2) following OpenAI’s best practices and ran them on the “gpt-
4o-mini” model. Each LLM output is validated by an output checker—either algorithmic-based 
or LLM-based—which enforces the required format and, upon failure, triggers regeneration 
(up to five attempts). The algorithmic checker parses the output for the expected count of 
grading markers (e.g., total “_o_” and “_x_”), while the LLM-based checker uses another LLM 
to verify compliance with formatting instructions. To counteract the probabilistic variability of 
LLM outputs, we applied self-consistency: the same prompt is sampled multiple times, and 
final scores are determined by majority vote (Wang et al., 2023). 
 With self-consistency fixed at n = 1, we evaluated format compliance for 36 outputs (3 
runs×12 explanations), checking for exactly five “_o_” or “_x_” markers using both algorithmic- 
and LLM-based checkers and comparing their accuracy. Next, we varied n, generating three 
runs per setting, and used Fleiss’s kappa to identify the optimal n. Finally, we compared modal 
LLM scores to expert grades via Cohen’s kappa. 
 

 
Figure 1. An overview of auto-grading method and an experimental flow. 

 

 
Figure 2. A prompt for auto-grading LLM (translated in English). 

 
3. Results & Discussion 
 
In this study, we developed a rubric-based automatic grading system using an LLM to assess 
students’ deeper mathematical reasoning—an area not fully addressed in prior work 
(Nakamoto et al., 2025; Pacheco-Venegas et al., 2015). For output-format validation, our 
algorithmic-based checker achieved 100.0% accuracy, whereas the LLM-based checker 
attained 91.7% accuracy, demonstrating the algorithmic method’s superior robustness when 
deterministic checks are feasible. Next, we evaluated the self-consistency of LLM outputs by 
varying the number of sampled outputs (𝑛 = 1, 3, 5, 7, 9, 11). As shown in the left panel of 
Figure 3, Fleiss’s Kappa coefficient increases gradually with 𝑛 (Mann–Kendall test 𝑝 = 0.060), 



reaching its maximum at 𝑛 = 11. To benchmark against human graders, we compared the 
LLM’s representative score (the mode of the n outputs) to expert scores using Cohen’s Kappa. 
The right panel of Figure 3 indicates that agreement peaks at 𝑛 = 7 and then stabilizes around 
0.63—close to the experts’ inter-rater reliability of 0.67—implying that our LLM-based method 
can replicate expert grading with similar reproducibility. 

Overall, our rubric-driven framework effectively combines algorithmic checks for format 
with LLM evaluation of reasoning, delivering accurate and timely feedback. While 
mathematical reasoning provides a natural domain for this approach, future work should 
explore rubric generation automation to reduce manual effort and extend applicability to other 
subjects and educational levels. 
 

 
Figure 3. Consistency of LLM outputs increases with the number of outputs (left),  

Degree of agreement between LLM scoring and expert grading (right). 
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